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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accor-
dance with the U-duality groups of M-theory, but their higher-dimensional geometric origin has
remained a mystery. In this letter, we show that D = 11 supergravity can be extended to be fully
covariant under the exceptional groups E
n(n), n = 6, 7, 8. Motivated by a similar formulation of
double field theory we introduce an extended ‘exceptional spacetime’. We illustrate the construc-
tion by giving the explicit E6(6) covariant form: the full D = 11 supergravity, in a 5 + 6 splitting of
coordinates but without truncation, embeds into an E6(6) covariant 5 + 27 dimensional theory. We
argue that this covariant form likewise comprises type IIB supergravity.
PACS numbers: 11.25.Yb, 04.65.+e, 04.50.-h, 11.15.q
Little is known about the fundamental formulation
of M-theory, whose low-energy limit is given by 11-
dimensional supergravity [1]. One illuminating feature
is the existence of duality symmetries, which relate M-
theory to the 10-dimensional superstring theories. These
symmetries should be as fundamental for the formula-
tion of M-theory as diffeomorphism invariance is for Ein-
stein’s theory of general relativity. Intriguingly, the so-
called U-duality symmetries comprise the exceptional Lie
groups En(n)(Z) [2]. In the low-energy limit, it has been
known for a long time that upon torus compactification
D = 11 supergravity gives rise to the continuous ver-
sions En(n)(R) [3]. Since the early 1980’s this has led
to the question: what is it about D = 11 supergrav-
ity that knows about exceptional symmetries? It is the
purpose of this letter to give fully En(n)-covariant ver-
sions of D = 11 supergravity by employing and gener-
alizing techniques from ‘double field theory’ (DFT), an
approach that doubles coordinates in order to make the
O(d, d) T-duality group manifest [4–8]. These formula-
tions show the emergence of exceptional symmetries in
terms of the higher-dimensional geometry and symme-
tries prior to any reduction or truncation.
Attempts to understand these ‘hidden’ symmetries in
terms of the higher-dimensional theory have in fact a
long history, at least going back to the work of de Wit
and Nicolai [9], who performed a Kaluza-Klein-like de-
composition of D = 11 supergravity in order to exhibit
already in eleven dimensions the composite local sym-
metries of the lower-dimensional coset models. These
formulations did not make the exceptional symmetries
manifest, and further work in [10] suggested that addi-
tional coordinates need to be introduced in order to re-
alize the exceptional groups. The idea of such an ‘excep-
tional spacetime’ has been implemented for a particular
truncation of D = 11 supergravity in [11]. (For more
ambitious proposals see [12–14].) More recently, after
the emergence of DFT, a number of papers have suc-
ceeded to generalize this approach to various U-duality
groups, see, e.g., [15, 16]. All these results, however,
are restricted to particular truncations of D = 11 su-
pergravity, setting to zero the off-diagonal components
of the metric and of the 3-form, assuming that all fields
depend only on ‘internal’ coordinates, and freezing the
external metric to be flat Minkowski up to a possible
warp factor. This leaves open the question about the
significance of exceptional symmetries for the full theory.
The first example of a U-duality covariant formulation
of a complete gravity theory has been obtained in [17]
for the ‘toy-model’ of four-dimensional Einstein gravity.
By proper Kaluza-Klein type decomposition of fields and
extension of the coordinates, the full theory takes a form
that is manifestly covariant under the SL(2,R) Ehlers
symmetry discovered in dimensional reduction more than
50 years ago [18]. The resulting theory closely resembles
DFT when performing the analogous Kaluza-Klein type
decomposition of fields [19]. In the following we apply
this strategy to D = 11 supergravity and embed it into a
form that is fully covariant under the exceptional groups
En(n), n = 6, 7, 8. We argue that this covariant form
likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6(6)
and comment on the other cases below. Performing a
5 + 6 decomposition of the D = 11 coordinates and
embedding the six coordinates into the fundamental 27-
dimensional representation of E6(6), we cast the bosonic
sector of eleven-dimensional supergravity, without any
truncation, into the E6(6)-covariant form
S =
∫
d5x d27Y eL , (1)
L ≡ R̂+
1
24
gµνDµM
MN
DνMMN
−
1
4
MMNF
µνM
Fµν
N + e−1Ltop − V (M, e) .
The different terms will be defined in detail below. They
2resemble the generic structure of non-abelian gauged su-
pergravity in five dimensions in the embedding tensor for-
malism [21] (Einstein-Hilbert, scalar sigma-model, Yang-
Mills term, topological term and scalar potential). In
addition to the 5 coordinates xµ, all fields depend on the
27 extended coordinates YM , with conjugate derivatives
∂M , subject to the E6(6)-covariant constraint [16, 22]
dMNK ∂N∂KA = 0 , d
MNK ∂NA∂KB = 0 , (2)
which holds for arbitrary fields and gauge parameters
A,B. This constraint is the ‘section condition’ that is
the M-theory analogue of the ‘strong constraint’ in DFT,
which in turn is a stronger version of the level-matching
constraint in string theory. It can be locally solved by
fields depending on only 6 out of the YM coordinates.
With this explicit solution (breaking E6(6) covariance)
the theory (1) can be shown to describe the field content
and dynamics of the full D = 11 supergravity.
Apart from the global E6(6), the action (1) is invari-
ant under generalized (YM -dependent) diffeomorphisms
in the xµ coordinates and in the YM coordinates, re-
spectively, of which the latter take the form of non-
abelian gauge transformations associated to the Yang-
Mills gauge field. In particular, we show that all rela-
tive coefficients in (1) are determined by this generalized
gauge- and diffeomorphism invariance.
We will now introduce the relevant structures in or-
der to define all terms in (1). The Lie algebra of E6(6)
is spanned by generators tα, with the adjoint index
α = 1, . . . , 78. The fundamental representation 27 and
its dual 27 will be indicated by indicesM,N = 1, . . . , 27.
There are two E6(6)-invariant tensors, the fully symmet-
ric d-symbols dMNK and dMNK , which we normalize by
dMPQd
NPQ = δNM . Generalized Lie derivatives with re-
spect to a gauge parameter ΛM , acting on a contravariant
vector VM of weight λ, are defined as [16, 22]
δΛV
M
≡ ΛK∂KV
M
− 6PMN
K
L ∂KΛ
L V N + λ∂PΛ
PVM ,
(3)
with the projector onto the adjoint representation
P
M
N
K
L ≡ (tα)N
M (tα)L
K (4)
=
1
18
δMN δ
K
L +
1
6
δKN δ
M
L −
5
3
dNLR d
MKR .
These gauge transformations close on fields satisfying (2),
[δΛ1 , δΛ2 ] = δ[Λ2,Λ1]E , according to the ‘E-bracket’[
Λ2,Λ1
]M
E
= 2ΛK[2∂KΛ
M
1] − 10d
MNPdKLP Λ
K
[2∂NΛ
L
1] , (5)
which is the exceptional E6(6)-covariant analogue of the
‘C-bracket’ in DFT. The theory (1) will be invariant un-
der a local version of (3), i.e. with gauge parameters ΛM
that are functions of YM and xµ, and a proper choice
of weights for the fields. Accordingly, we introduce 27
gauge fields Aµ
M and define covariant derivatives for the
‘external’ 5-dimensional derivatives ∂µ as
DµV
M = ∂µV
M
−Aµ
K∂KV
M +
1− 3λ
3
∂KAµ
KVM
+ V K∂KAµ
M
− 10dMNPdPKL∂NAµ
KV L , (6)
for a vector of weight λ . The gauge variation of the vec-
tor field Aµ
M is determined by requiring that these co-
variant derivatives transforms covariantly, which in turn
implies that
δAµ
M
≡ DµΛ
M , (7)
with the weight of ΛM fixed to be λ = 13 . The corre-
sponding covariant field strength for Aµ
M reads
Fµν
M
≡ 2∂[µAν]
M
−
[
Aµ, Aν
]M
E
+ 10 dMNK∂KBµνN ,(8)
where the particular coupling to 27 antisymmetric 2-
forms BµνM is required in order to achieve gauge covari-
ance, in precise analogy to the tensor hierarchy of gauged
supergravity [21]. These 2-forms have their own gauge
symmetry with 1-form parameters ΞµM of weight λ =
2
3 .
Together, it may be shown that the field strength (8)
transforms covariantly according to (3) under the com-
bined vector and tensor gauge transformations
δAµ
M = DµΛ
M
− 10 dMNK∂KΞµN ,
δBµνM = 2D[µΞν]M + dMKLΛ
K
Fµν
L
− dMKLA[µ
K δAν]
L +OµνM , (9)
which are only determined up to terms OµνM satisfying
dMNK∂KOµνN = 0 , (10)
that drop out from (8). The field strengths of vector and
2-form tensor fields are related by the Bianchi identities
3D[µFνρ]
M = 10 dMNK∂KHµνρN ,
4D[µHνρσ]M = −3 dMKLF[µν
K
Fρσ]
L + . . . , (11)
up to terms annihilated by the projection with dMNK∂K .
We are now in a position to introduce all the fields
of the theory (1) together with their transformation be-
havior, and define the various couplings. Apart from the
vector and tensor gauge fields Aµ
M , Bµν M introduced
above, the theory features scalar fields parametrizing a
symmetric group-valued E6(6) matrixMMN , transform-
ing as a tensor according to (3) w.r.t. both indices, and
weight λ = 0. Finally, the fu¨nfbein eµ
a transforms as
a scalar of weight λ = 13 w.r.t. (3), i.e. carries covariant
derivatives according to
Dµeν
a
≡ ∂µeν
a
−Aµ
M∂Meν
a
−
1
3
∂MAµ
Meν
a .(12)
The full E6(6)-covariant field content is thus given by{
eµ
a,MMN , Aµ
M , Bµν M
}
. (13)
3The kinetic terms for scalar and vector fields in (1)
take the manifestly covariant form defined via (6), (8),
with the proper total weight of the integrands adding
up to λ = 1, as required for invariance of the action.
Next, the topological term Ltop in (1) is required in order
to reproduce the correct duality relations between the
1- and 2-forms. Formally, this topological term is most
conveniently defined by considering the five-dimensional
space as the boundary of a six-dimensional bulk M6, in
which it takes the covariant form of a total derivative:
Stop = κ
∫
d27Y
∫
M6
(
dMNK F
M
∧ F
N
∧ F
K
−40 dMNKHM ∧ ∂NHK
)
, (14)
with a constant κ to be determined in the following.
Alternatively, we may give a non-manifestly covariant
explicit expression for Ltop directly in five dimensions,
cf. [21], whose variation is given by
δLtop = κ ε
µνρστ
( 3
4
dMNK Fµν
M
Fρσ
NδAτ
K
+ 5 dMNKdKPQ ∂NHµνρM Aσ
P δAτ
Q
+ 5 dMNK ∂NHµνρM δBστ K
)
, (15)
from which gauge invariance can explicitly be checked by
means of (9). The field equations derived by variation of
BµνM in (1) imply the duality relations
dPML∂L
(
eMMNF
µνN + κεµνρστ HρστM
)
= 0 , (16)
showing that, as required, the 2-forms do not represent
independent physical degrees of freedom.
The first term in (1) is the (covariantized) Einstein-
Hilbert term for the fu¨nfbein eµ
a. It results from the con-
ventional Einstein-Hilbert term by introducing covariant
derivatives according to (12) and defining the improved
Riemann tensor,
R̂µν
ab = Rµν
ab + Fµν
Meaρ∂Meρ
b , (17)
which is necessary for local Lorentz invariance in presence
of (non-commuting) covariant derivatives Dµ [19]. The
final term in (1) is the ‘scalar potential’ given by
V =
1
24
M
MN∂MM
KL (12 ∂LMNK − ∂NMKL)
−e−1∂Me ∂NM
MN
−M
MNe−1∂Me e
−1∂Ne
−
1
4
M
MN∂Mg
µν∂Ngµν . (18)
Its invariance under generalized diffeomorphisms (3) is
not manifest but can be confirmed by an explicit compu-
tation. In particular, we stress that despite the seemingly
wrong weight of 53 carried by the fu¨nfbein determinant e
multiplying the potential, the density terms from the re-
maining non-covariant contributions of its variation con-
tribute such as to guarantee δΛ
(
eV
)
= ∂M
(
eΛMV
)
and
thus invariance of the action. We note that in the trun-
cations of [15] the potential is the only term left. While
the terms O(M3) in (18) can be matched with those in
[15], comparison is subtle beyond that [29].
The action (1) is invariant under all local symme-
tries discussed above, which in turn fixes the form
of its five separate terms. Explicit calculation shows
that the action possesses an additional gauge invariance
with parameters ξµ(x, Y ), generalizing the standard 5-
dimensional diffeomorphisms. Since these parameters
may depend on YM , this symmetry is non-manifest.
Rather, it uniquely determines the relative coefficients
in (1) and in particular κ2 = 518 for the constant from
(15). This symmetry acts on the fields as
δeµ
a = ξνDνeµ
a +Dµξ
νeν
a ,
δMMN = ξ
µ
DµMMN ,
δAµ
M = ξν Fνµ
M +MMNgµν∂Nξ
ν ,
δBµνM =
1
16κ ξ
ρeεµνρστMMNF
στN
− dMKLA[µ
K δAν]
L , (19)
and for the first three fields resembles standard diffeomor-
phism transformations, albeit with covariant derivatives
and an extra contribution in δAµ
M [17, 19]. Remark-
ably, for the two-forms BµνM , off-shell invariance of the
action requires that their standard transformation under
(covariant) diffeomorphisms is modified by a contribution
proportional to the duality equations (16).
We have thus constructed with (1) the unique E6(6)-
covariant two-derivative action with field content (13)
and symmetries (3), (9), (19). Moreover, we note that
upon genuine dimensional reduction, i.e. setting ∂M = 0,
this theory reduces to the E6(6) invariant form of the max-
imal five-dimensional theory. In contrast, in (1) all fields
in addition depend on the 27 coordinates YM modulo
the condition (2). The latter can be locally solved upon
breaking E6(6) under SL(6)× SL(2) such that
27 → (15, 1) + (6, 2) , (20)
and having fields depend on only 6 coordinates from the
SL(2) doublet. We will now show how with this choice
the action (1) reproduces the fields and dynamics of the
conventional form of the full D = 11 supergravity. The
bosonic fields of D = 11 supergravity are the elfbein Eµˆ
aˆ
and the 3-form potential Cµˆνˆρˆ, where µˆ, νˆ = 0, . . . , 10,
and aˆ, bˆ = 0, . . . , 10, denote D = 11 curved and flat in-
dices, respectively. Their action reads
S11 =
∫
d11xE
(
R−
1
12
F µˆνˆρˆσˆFµˆνˆρˆσˆ (21)
+
1
12 · 216
E−1εµˆ1···µˆ11Fµˆ1···µˆ4Fµˆ5···µˆ8Cµˆ9µˆ10µˆ11
)
,
with the abelian field strength Fµˆνˆρˆσˆ = 4∂[µˆCνˆρˆσˆ] . For
our purpose it turns out to be convenient to work with
4the on-shell equivalent form of D = 11 supergravity in
which we add the dual 6-form potential Cµˆ1···µˆ6 and sup-
plement the field equations following from (21) by the
duality relation
Fµˆ1···µˆ7 =
1
4!
E εµˆ1···µˆ7νˆ1...νˆ4F
νˆ1...νˆ4 , (22)
where Fµˆ1···µˆ7 ≡ 7∂[µˆ1Cµˆ2···µˆ7] + 35C[µˆ1···µˆ3Fµˆ4···µˆ7] . We
now perform a 5 + 6 splitting of the coordinates, xµˆ =
(xµ, ym), and partially gauge fix the local Lorentz group
SO(1, 10) to SO(1, 4) × SO(6), splitting the flat indices
as aˆ = (a, α), by taking the elfbein to be of the standard
Kaluza-Klein form
Eµˆ
aˆ =
(
φ−
1
3 eµ
a Aµ
mφm
α
0 φm
α
)
, (23)
with φ = det(φm
α). Again, we stress that here this
ansatz does not entail any truncation in that the fields
still depend on all 5 + 6 coordinates. Next, we perform
redefinitions of all form fields originating from C(3) and
C(6) in the usual Kaluza-Klein manner, in particular flat-
tening the world indices with the elfbein Eaˆ
µˆ and then
‘un-flattening’ with the fu¨nfbein Eµ
a. The resulting fields
are denoted by A. In total the scalars are given by
MMN : (φmn , Amnk , Amnklpq) : 21+ 20+ 1 , (24)
giving rise to the 42 scalars encoded in the group element
MMN parametrizing the coset space E6(6)/USp(8), as
made explicit in [23], however still depending on all eleven
coordinates. Similarly, the E6(6) vector field components
originate from the Kaluza-Klein vector and from the 3-
and 6-form:
Aµ
M : (Aµ
m , Aµmn , Aµmnklp) : 6 + 15 + 6 , (25)
giving precisely the gauge vectors in the 27 of E6(6).
Again, the counting is well known from dimensional re-
duction of the theory, but the full structure here is such
that upon keeping the full eleven-dimensional coordinate
dependence, the theory takes the exact form of (1) with
the gauge fields (25) now attached to the non-abelian
structure of the generalized diffeomorphisms (3). Finally,
the 2-forms originating from the 3- and 6-form are
(Aµν m , Aµν mnkl) : 6 + 15 , (26)
which, via (22), are on-shell dual to the corresponding
vector fields in (25). Naively, we seem to be missing six
2-forms to account for the 2-forms in the 27 of E6(6)
entering the covariant formulation above. However, this
is precisely consistent with the above observation of an
additional shift gauge freedom Oµν M in (9) which due to
(10) and after explicit solution of the section condition
allows to eliminate 6 of the 27 2-forms. Let us note that
these 2-forms missing in (26) are precisely those dual
to the Kaluza-Klein vector fields in (25), i.e. those that
descend from the D = 11 dual graviton.
Summarizing, with this solution of the section condi-
tion (2), the field content of (1) matches the field content
of D = 11 supergravity, on-shell and up to pure gauge
modes, in a 5 + 6 splitting of fields and coordinates. Ex-
plicit calculation shows that (1) precisely reproduces the
field equations implied by (21) and (22) for these fields
with the full eleven-dimensional coordinate dependence.
E.g. the duality equations descending from (22) for the
components of Aµ
M and Bµν M , descend from (16), etc.
The technical details of this proof go parallel to [17, 19]
and will be presented in more detail elsewhere [24].
Another (inequivalent) solution of the section condi-
tion (2) breaks (20) further to SL(5) and has all fields
depend only on the 5 coordinates within the 15. The re-
sulting 10-dimensional theory with unbroken SL(2) can
be nothing else but the IIB theory; indeed all of the above
discussion goes through in perfect analogy.
After having discussed the E6(6) case in some detail let
us briefly comment on the remaining (finite-dimensional)
groups. First, the E7(7) case corresponding to the 4 + 7
splitting of D = 11 supergravity can be straightfor-
wardly obtained along the lines discussed here, with the
action (1) replaced by an action of the form of non-
abelian gauged maximal supergravity [25]. E.g. the field
strengths for the 56 vector fields take the form
F
◦
µν
M
≡ 2∂[µAν]
M
−
[
Aµ, Aν
]M
E
+ΩMK(tα)K
N∂NB
α
µν ,
with the corresponding bracket from [22], the symplec-
tic tensor ΩMN , and 133 2-forms in the adjoint repre-
sentation of E7(7). For the fully E7(7)-covariant form
of the action, the latter needs to be supplemented by a
self-duality constraint between the gauge vectors due to
electric-magnetic duality in the D = 4 language. More-
over the appearance of components from the D = 11
dual graviton among the 56 vector fields necessitates the
proper implementation of the mechanism of constrained
compensator fields, introduced in [17] for the case of pure
gravity. In the E8(8) case, the very same mechanism also
circumvents the seeming obstacle of non-closure of the al-
gebra of E8(8) generalized diffeomorphisms (3) [22]. De-
tails will appear in [24].
We have restricted the present construction to the
bosonic sector, but we are confident that the extension
to include fermions and explicit supersymmetry, as in
[26], is straightforward in accordance with the structure
of the corresponding gauged supergravities in the embed-
ding tensor formalism [21, 25]. One may expect to further
incorporate higher-derivative M-theory corrections along
the lines of [27]. Among the most intriguing questions
raised by our construction is the possibility of finding
solutions of the section conditions (2) that only locally
match standard supergravity but that globally require a
generalized notion of manifold, as happens in DFT [28].
5This would genuinely transcend the realm of D = 10 and
D = 11 supergravity, as would a relaxation of the section
conditions themselves.
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